Kempe Chains and Rooted Minors by Kriesell, Matthias & Mohr, Samuel
ar
X
iv
:1
91
1.
09
99
8v
1 
 [m
ath
.C
O]
  2
2 N
ov
 20
19
Kempe Chains and Rooted Minors
Matthias Kriesell Samuel Mohr∗
November 25, 2019
Abstract
A (minimal) transversal of a partition is a set which contains exactly one
element from each member of the partition and nothing else. A coloring
of a graph is a partition of its vertex set into anticliques, that is, sets of
pairwise nonadjacent vertices. We study the following problem: Given a
transversal T of a proper coloring C of some graph G, is there a partition
H of a subset of V (G) into connected sets such that T is a transversal
of H and such that two sets of H are adjacent if their corresponding
vertices from T are connected by a path in G using only two colors?
It has been conjectured by the first author that for any transversal T
of a coloring C of order k of some graph G such that any pair of color
classes induces a connected graph, there exists such a partition H with
pairwise adjacent sets (which would prove Hadwiger’s conjecture for the
class of uniquely optimally colorable graphs); this is open for each k ≥ 5,
here we give a proof for the case that k = 5 and the subgraph induced
by T is connected. Moreover, we show that for k ≥ 7, it is not sufficient
for the existence of H as above just to force any two transversal vertices
to be connected by a 2-colored path.
AMS classification: 05c40, 05c15.
Keywords: Kempe chain, rooted minor, Hadwiger’s conjecture.
1 Introduction
All graphs in the present paper are supposed to be finite, undirected, and
simple. For terminology not defined here we refer to contemporary text books
such as [1] or [2]. By KS the complete graph on a finite set S is denoted. A
(minimal) transversal of a set C of disjoint sets is a set T containing exactly
one member of every A ∈ C and nothing else; we also say that C is traversed
by T . A coloring of a graph G is a partition C of its vertex set V (G) into
∗Gefrdert durch die Deutsche Forschungsgemeinschaft (DFG) – 327533333.
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anticliques, that is, sets of pairwise nonadjacent vertices. The chromatic
number χ(G) is the smallest order of a coloring of G. A Kempe chain is a
connected component of G[A ∪B] for some A 6= B from C. For a transversal
T of a coloring C of G we define the graph H(G,C, T ) to be the graph on
T where any two s 6= t are adjacent if and only if they belong to the same
Kempe chain in G. A graph H is a minor of a graph G if there exists a family
c = (Vt)t∈V (H) of pairwise disjoint subsets of V (G), called bags, such that Vt
is nonempty and G[Vt] is connected for all t ∈ V (H) and there is an edge
connecting Vt and Vs for all st ∈ E(H). Any such c is called an H-certificate
in G, and a rooted H-certificate if, moreover, V (H) ⊆ V (G) and t ∈ Vt for all
t ∈ V (H). If there exists a rooted H-certificate, then H is a rooted minor of
G.
Let us say that a graph K has property (*) if for every transversal T of every
coloring C with |C| = |V (K)| of every graph G such that K is isomorphic to
a spanning subgraph H of H(G,C, T ), there exists a rooted H-certificate in
G. It is obvious that property (*) holds for K1 and transfers to isomorphic
copies of K.
Theorem 1. Property (*) inherits to subgraphs of K; furthermore, K has
(*) if and only if every component of K has.
Proof. First, assume K ′ has property (*) and K is a spanning subgraph
of K ′. Take an arbitrary graph G with a coloring C with |C| = |V (K)|
and a transversal T of C such that K is isomorphic to a spanning subgraph
H of H(G,C, T ). For e ∈ E(K ′) \ E(K) add a suitable edge between two
transversal vertices to G (if not already present) to obtain a graph G′. Then
K ′ is isomorphic to a spanning subgraph H ′ of H(G′,C, T ). Since K ′ has
property (*), there is a rooted H ′-certificate c in G′ and c is also a rooted
H-certificate in G. Next, assume that K ′ has property (*) and let K 6= K ′
be a component of K ′. Take an arbitrary graph G with a coloring C with
|C| = |V (K)| and a transversal T of C such that K is isomorphic to a spanning
subgraphH ofH(G,C, T ). A graph G′ can be obtained from G by the disjoint
union with a complete graph KS on vertex set S := V (K) − V (K
′). Let
C′ := C ∪ {{s} : s ∈ S} and T ′ := T ∪ S. Then K ′ is isomorphic to a
spanning subgraph H ′ of H(G′,C′, T ′). Since K ′ has property (*), there is a
rooted H ′-certificate c′ = (Vt)t∈V (K ′) in G
′. Then c := (Vt)t∈V (K) is a rooted
H-certificate in G. If, conversely, every component of K has property (*)
and there is an arbitrary graph G with a coloring C with |C| = |V (K)| and
a transversal T of C such that K is isomorphic to a spanning subgraph H
of H(G,C, T ), then for each component H1,H2, . . . of H there are pairwise
disjoint subgraphs G1, G2, . . . of G and C1,C2, . . . and T1, T2, . . . such that Hi
is a subgraph of H(Gi,Ci, Ti) for i ∈ {1, 2, . . . }. Since property (*) holds for
Hi, i ∈ {1, 2, . . . }, there is a rooted Hi-certificate ci in Gi. Then the union of
c1, c2, . . . (considered as subsets of V (Hi)×P(V (G))) is a rooted H-certificate
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in G, so that K has property (*). Finally, assume K ′ has property (*) and let
K be a subgraph of K ′. Then K ∪ (V (K ′) \ V (K), ∅) is a spanning subgraph
of K ′ and has property (*), and so has K as one of its components. 
A coloring C is a Kempe coloring if any two vertices from distinct color classes
belong to the same Kempe chain or, in other words, the union of any two color
classes is connected. The following has been conjectured in [4] by the first
author.
Conjecture 1. Let C be a Kempe coloring of some graph G and let T be
a transversal of C. Then there exists a set of connected, pairwise disjoint,
pairwise adjacent subsets of V (G) traversed by T .
This would prove Hadwiger’s conjecture — that every graph with chromatic
number k has a complete minor of order k [3] — for graphs with a Kempe
coloring, in particular for uniquely k-colorable graphs. In the terminology
defined above, the conjecture reads as follows: If C is a Kempe coloring of G
and T is a transversal of C (so that H := H(G,C, T ) is the complete graph
on T ) then there exists a rooted H-certificate. This would follow if every
complete graph — and hence every graph — K had property (*).
However, property (*) turns out to be too restrictive to be true: We will see
that K7 does not have property (*). This will not produce a counterexample
to Conjecture 1 above; in fact, the coloring of our corresponding example is
very far from being a Kempe coloring in the sense that only 8 of the
(7
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pairs of color classes induce a connected subgraph.
We also have a number of positive results. Graphs with at most four vertices
do have property (*), so that the question for the largest b such that all graphs
of order at most b have property (*) suggests itself (it must be one of 4, 5, 6
by the results of the present paper). Moreover, graphs with at most one cycle
have property (*). As a consequence, for example, we get (immediately from
Lemma 1 below) that if x0, . . . , xℓ−1 belong to different color classes of some
coloring C of a graph G and xi, xi+1 belong to the same Kempe chain for
i ∈ {0, . . . , ℓ − 1} (indices modulo ℓ), then there exists a cycle C in G and
disjoint xi,yi-paths Pi with V (C) ∩ V (Pi) = {yi} and y0, . . . , yℓ−1 occur in
this order on C.
Apart from this, we determine a number of further 5-vertex graphs having
property (*) and infer that if T is a connected transversal of a Kempe coloring
of order 5 of some graph G, then there exists a rooted H(G,C, T )-certificate
(where H(G,C, T ) is isomorphic to K5).
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2 Kempe chains and rooted K7-minors
For a graph G we define the graph Z(G) by V (Z(G)) := V (G) × {1, 2} and
E(Z(G)) := {(x, i)(y, j) : xy ∈ E(G) ∧ (i 6= 1 ∨ j 6= 1)}. That is, Z(G) is ob-
tained from the lexicographic product of G with the graph ({1, 2}, ∅) by delet-
ing all edges connecting vertices from V (G) × {1}. For s = (x, i) ∈ V (Z(G))
let us define s := (x, 3−i). It follows that C := {{(x, 1), (x, 2)} : x ∈ V (G)} =
{{s, s} : s ∈ V (Z(G))} is a coloring of Z(G) — the canonical coloring — and
that T := V (G) × {1} is a transversal of C. Observe that T induces an anti-
clique in Z(G). As the union of two color classes {(x, 1), (x, 2)}, {(y, 1), (y, 2)}
induce (i) a path of length four between its transversal vertices if xy ∈ E(G)
and (ii) an edgeless graph if xy 6∈ E(G), we see that H := H(Z(G),C, T )
is isomorphic to G (via (x, 1) 7→ x). Moreover, we find a copy of G induced
in Z(G) in a very natural way: Z(G)[V (G) × {2}] is isomorphic to G (via
(x, 2) 7→ x). The question is if we find a rooted H-certificate in Z(G); if not
then G (!) fails to have property (*).
The bags of any H-certificate c = (Vt)t∈T in Z(G) have average order at most
2. That is, as soon as there are bags of order at least 3, there must be bags
of order 1; locally, the inverse implication is almost true, as follows:
Claim 1. If st ∈ E(H) is not on any triangle of H, then |Vs| = 1 implies
|Vt| ≥ 3.
Proof. Suppose that |Vs| = 1, that is, Vs = {s}. Since s, t are not adjacent
in Z(G), |Vt| ≥ 2. If |Vt| = 2, then Vt = {t, u} for some u ∈ V (Z(G)), where
t, u and s, u are adjacent in Z(G) so that u ∈ V (Z(G)) \ V (H), u 6= s and
t, u must be adjacent in H. Since s, t, u do not form a triangle in H, s, u are
nonadjacent in H so that s, u are nonadjacent in Z(G); consequently, s has
no neighbors in Vt, contradiction. This implies |Vt| ≥ 3 as claimed. ♦
If all bags of c have order 2, then we look at the function f : V (G) → V (G)
defined by f(x) := y if V(x,1) = {(x, 1), (y, 2)}. Since the bags are disjoint, f is
an injection and, thus, a permutation of V (G). Since the bags are connected,
xf(x) ∈ E(G), so that we may represent f as a partial orientation of G, where
xy is oriented from x to y if y = f(x) and from y to x if x = f(y) (which
may happen simultaneously). As c is a rooted H-certificate in Z(G) we know
that xy ∈ E(G) implies that V(x,1), V(y,1) are adjacent, which is equivalent to
saying that, in Z(G), f(x) is adjacent to one of y, f(y) or f(y) is adjacent
to one of x, f(x). Conversely, if f is a permutation of V (G) such that (i)
xf(x) ∈ E(G) and (ii) xy ∈ E(G) implies that f(x) is adjacent to one of
y, f(y) or f(y) is adjacent to one of x, f(x), then V(x,1) := {(x, 1), (f(x), 2)}
defines an H-certificate in Z(G). Let us call a permutation of V (G) with (i)
and (ii) a good permutation throughout this section.
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Claim 2. If G has a good permutation, then every vertex of degree at least
3 in G is on a cycle of length at most 4 in G.
Proof. Let f be a good permutation and suppose that w is a vertex of degree
at least 3 in G and let x, y, z be three neighbors in G, where f(w) = x. We
may assume that f(y) 6= w (otherwise f(z) 6= w and we swap the roles of
y, z). If u := f(y) 6= w is a neighbor of w then w, y, u form a triangle and
we are done. Otherwise, {w, f(w) = x}, {y, f(y) = u} are disjoint, and (ii)
implies that, in G, u is a neighbor of w or x, or that x is a neighbor of y or
u; in either case, w is on a cycle of length 3 or 4. This proves Claim 2. ♦
Let us specialize the considerations to the graph G obtained from a cycle G′
of length 6 by adding another vertex x and two edges connecting x to two
vertices a, b at distance 3 on G′. Assume, to the contrary, that Z(G) has
an H-certificate (Vt)t∈T with T = V (G) × {1}. Let A be the set of vertices
t ∈ T with |Vt| = 1. By Claim 2, G cannot have a good permutation, so
|A| ≥ 1. A is an anticlique in H (and in Z(G)), so |A| ≤ 3, and, by Claim 1,
|Vs| ≥ 3 for every vertex s in the neighborhood of A in H. For each case
|A| = 1, |A| = 2, |A| = 3 one readily verifies |NH(A)| ≥ |A| + 1. It follows
q :=
∑
t∈T |Vt| ≥ 3 · (|A|+ 1) + 2 · (7− 2|A| − 1) + 1 · |A| = 15, contradicting
q ≤ |V (Z(G))| = 14. It follows that G does not have property (*). As
property (*) inherits to spanning subgraphs we conclude that K7 does not
have it either. In fact, we could take Z(G) with C and T as above and just
add all edges between transversal vertices (x, 1), (y, 1) with xy 6∈ E(G) as to
obtain a graph G′ without a rooted H(G′,C, T )-certificate, where H(G′,C, T )
is now the complete graph on the seven vertices from T . So we have proved:
Theorem 2. K7 does not have property (*).
Let d ≥ 3. We now specialize to a connected, d-regular, nonbipartite graph
G of girth at least 5 and assume, to the contrary, that Z(G) has an H-
certificate c = (Vt)t∈T . Let A,B,C be the set of vertices x ∈ V (G) with
|V(x,1)| being 1, 2, and at least 3, respectively. By Claim 2, there cannot
be a good permutation, so that |A| ≥ 1. The vertices from A and A × {1}
induce an edgeless graph in G and Z(G), respectively, and the neighbors of
A in G are all from C by Claim 1. The number of edges between A and
C in G is thus equal to d|A| and at most d|C| with equality only if every
vertex from C has all its d neighbors in A. However, in the latter case,
G[A ∪ C] is d-regular and bipartite and B is empty as G is connected, so
that G is bipartite, contradiction. It follows d|A| < d|C| and, consequently,
|Z(G)| ≥
∑
t∈T |Vt| ≥ |A| + 2|B| + 3|C| > 2|A| + 2|B| + 2|C| = |Z(G)|,
contradiction. So we have proved
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Theorem 3. If G is connected, d-regular with d ≥ 3, nonbipartite of girth
at least 5, then it does not have property (*).
The smallest graph meeting the assumptions of Theorem 3 is, incidentally,
the Petersen graph.
3 Unicyclically arranged Kempe chains
We continue with a number of positive results. The main result of Fabila-
Monroy and Wood in [7, Theorem 8] states that for any 3-connected graph
G and distinct vertices t1, t2, t3, t4 ∈ V (G) such that two vertex-disjoint ti,tj-
path and tk,tℓ-path exist for each choice of distinct i, j, k, ℓ ∈ {1, 2, 3, 4},
then there exists a rooted H-certificate where H is the complete graph on
{t1, . . . , t4}. This generalizes to:
Theorem 4. Every graph on at most four vertices has property (*).
Proof. We prove that K4 has property (*). As (*) inherits to subgraphs,
this will complete the proof. Therefore, let G be a graph, C be a coloring of
G with |C| = 4, and let T be a transversal of C. For x ∈ V (G), let Ax denote
the member of C containing x, and suppose that for all x 6= y from T there
exists an x,y-path Pxy in G[Ax ∪Ay], that is, H := H(G,C, T ) is a complete
graph on four vertices. Suppose that G was a minimal counterexample. Then
G is connected and E(G) =
⋃
x 6=y E(Pxy). By the previously stated result of
Fabila-Monroy and Wood, G is not 3-connected.
We may assume that G has a separator S with |S| ≤ 2. If S ⊆ Ax for some
x ∈ T , then T \ {x} is contained in some component C of G − S. Let G′
be the graph obtained from G by contracting X := V (G) \ V (C) to a single
vertex w. For A ∈ C set A′ := (A \ X) ∪ {w} if A = Ax and A
′ := A \ X
otherwise, and for z ∈ T set z′ := w if z ∈ X and z′ := z otherwise. Then
C′ := {A′ : A ∈ C} is a coloring of G′ and T ′ := {t′ : t ∈ T} is a transversal
of C′. Moreover, H ′ := H(G,C′, T ′) is a complete graph on T ′. By the choice
of G, there exists a rooted H ′-certificate in G′, that can be extended to a
rooted H-certificate of G by replacing its bag B containing w — if any —
with (B \ {w}) ∪X, contradiction.
Otherwise, G is 2-connected and there exist x 6= y from T such that each
of S ∩ Ax and S ∩ Ay consists of a single vertex x0, y0, respectively. Again,
T \ {x, y} is contained in the same component C of G − S. Let G′ be the
graph obtained from G by deleting X := V (G) \ (V (C) ∪ S) and adding
an edge x0y0 (if it does not already exist). For A ∈ C, let A
′ := A \ X,
so that C′ := {A′ : A ∈ C} is a coloring of G′. For z ∈ T , set z′ := z0
if z ∈ {x, y} ∩ X and z′ := z otherwise, so that T ′ := {z′ : z ∈ T} is a
transversal of C′, and H ′ := H(G′,C′, T ) is a complete graph on T ′. By the
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choice of G, G′ admits a rooted H ′-certificate c′. If X does not contain both
x and y, say, y /∈ X, then c′ can be extended to a rooted H-certificate of G by
replacing its bag B containing x0 — if any — with B ∪X, contradiction. If,
otherwise, X contains both x and y, then there are two vertex-disjoint paths
P1 and P2 connecting x0 and y0 to {x, y}, respectively (by 2-connectivity of
G and Menger’s Theorem). It is obvious, that V (P1), V (P2) ⊆ S ∪ X. Let
X0 := V (P1) and let Y0 be the vertex set of the component of G[S ∪X]−X0
containing P2, and therefore also y0 and {x, y} \X0. Since G is 2-connected
and all neighbors of Y0 \ {y0} 6= ∅ are in X0 ∪ {y0}, X0 and Y0 are adjacent
in G. Now, a rooted H-certificate can be obtained from c′ by replacing the
bags B1 and B2 containing x0 and y0 with B1 ∪X0 and B2 ∪Y0, respectively.
Thus, all bags contain exactly one vertex from T and are pairwise adjacent,
contradiction. 
Here is an infinite class of connected graphs for which (*) is true.
Lemma 1. Every cycle has property (*).
Proof. Given ℓ, we have to prove for every graph G, every coloring C =
{A0, . . . , Aℓ−1} and every choice ti ∈ Ai for i ∈ {0, . . . , ℓ− 1} such that there
exists a ti,ti+1-path Pi in G[Ai∪Ai+1] for all i ∈ {0, . . . , ℓ−1}, indices modulo
ℓ, there exists a rooted H := ({t0, . . . , tℓ−1}, {t0t1, t1t2, . . . , tℓ−2tℓ−1, tℓ−1t0})-
certificate. Suppose that G was a minimal counterexample. Then E(G) =
E(P0)∪ · · ·∪E(Pℓ−1). If x ∈ Ai \{ti} had only two neighbors, say, y, z in Aj,
where j ∈ {i+1, i−1}, then let G′ be obtained from G by contracting yxz to
a new vertex w, define A′i := Ai \{x}, A
′
j := (Aj \{y, z})∪{w}, A
′
k := Ak for
k ∈ {0, . . . , ℓ−1}\{i, j}, t′k := w if k = j∧ tk ∈ {y, z}, and t
′
k := tk otherwise.
Letting H ′ := ({t′0, . . . , t
′
ℓ−1}, {t
′
0t
′
1, t
′
1t
′
2, . . . , t
′
ℓ−2t
′
ℓ−1, t
′
ℓ−1t
′
0}), we know that,
by choice of G, there exists a rooted H ′-certificate in G′, from which we can
construct a rooted H-certificate of G by replacing its bag B containing w —
if any — with (B \ {w}) ∪ {y, x, z}, contradiction. Hence we may assume
that every vertex in Ai \ {ti} has degree 4, that is, it is on both Pi and Pi−1.
In particular, all Ai have the same order d ≥ 1. If d = 1, then G = H, so
that G is not a counterexample, contradiction. Hence d ≥ 2, and we consider
G′ := G − {t0, . . . , tℓ−1}, A
′
i := Ai \ {ti} and let t
′
i ∈ A
′
i be the neighbor of
ti−1 on Pi−1. As t
′
i+1 is on Pi − {ti, ti+1} = G[A
′
i ∪A
′
i+1], we know by choice
of G that G′ has a rooted H ′-certificate (H ′ as above), from which we get
a rooted H-certificate of G by extending the bag containing t′i by the vertex
ti−1, contradiction. 
Lemma 1 generalizes to unicylic graphs, as follows.
Theorem 5. Every (connected) graph with at most one cycle has property
(*).
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Proof. Let K be a connected graph with at most one cycle. Suppose that K
has not property (*). Hence, we may assume by Lemma 1 that G is not a cycle
and contains at least one edge. Therefore, K contains a vertex q of degree 1.
Let r be the neighbor of q in K. By induction, we may assume that K − q
has property (*). Since K has not, there exists a graph G with a coloring C
and a transversal T of C such that K is isomorphic to a spanning subgraph
H of H(G,C, T ) but G has no rooted H-certificate. Again we may take G
minimal with respect to this property, implying that for all A 6= B from C,
G[A∪B] has a single nontrivial component which induces a path between the
vertices a ∈ A ∩ T , b ∈ B ∩ T if ab ∈ E(H) and E(G[A ∪ B]) = ∅ otherwise.
Now let Q 6= R be the members of C with q ∈ Q, r ∈ R. If there existed a
vertex x ∈ Q \ {q} then x has degree 2, and we take its neighbors y, z ∈ R,
contract yxz to a single vertex w. For A ∈ C set A′ := (A \ {y, z}) ∪ {w} if
A = R, A′ := A \ {x} if A = Q, and A′ := A otherwise, and for z ∈ T set
z′ := w if z ∈ {y, z} and z′ := z otherwise. Then C′ := {A′ : A ∈ C} is a
coloring of G′ and T ′ := {t′ : t ∈ T} is a transversal of C′. By choice of G, G′
has a rooted H(G′,C′, T ′)-certificate, and we get a rooted H-certificate of G
by replacing its bag B containing w — if any — with (B \ {w}) ∪ {y, x, z},
contradiction. Therefore, Q = {q} so that, by induction, G − q has a rooted
H(G−q,C\{Q}, T \{q})-certificate, from which we get a rooted H-certificate
by adding the bag Q = {q}. 
4 The graphs Z(G) for |V (G)| ≤ 6
One could ask if Theorem 2 extends to smaller complete graphs or, alterna-
tively, if the bound (“four”) in Theorem 4 can be increased. Both questions
need new methods: In this section, we will see that the method used in
Section 2 to identify graphs not satisfying (*) does not work out for graphs
on less than seven vertices, whereas, in the next section, we will collect our
knowledge on (*) for graphs on five vertices. We start with another positive
result.
Lemma 2. Let G be a graph, C be a coloring of G, T be a transversal of
C and H := H(G,C, T ). Suppose that A is an anticlique in H and suppose
that there is a matching M in H from V (H) \A into A (covering V (H) \A,
but not necessarily covering A). Suppose that for every edge st ∈ M where
s ∈ V (H) \ A and t ∈ A, G[P ∪ Q] − t is connected, where P,Q denotes
the color class from C containing s, t, respectively. Then there is a rooted
H-certificate in G.
Proof. For s ∈ A set Vs := {s}. For s ∈ V (H) \ A let t be the vertex in
A such that st ∈M , let P,Q be the classes of C containing s, t, respectively,
and set Vs := (P ∪Q) \ {t}. One readily verifies that (Vs)s∈V (H) is a rooted
H-certificate. 
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Theorem 6. Let G be any graph with at most 6 vertices. Consider Z(G) de-
fined as in Section 2 with its canonical coloring C = {{x}×{1, 2} : x ∈ V (G)}
and the transversal T := V (G)×{1}. Then Z(G) has a rooted H(Z(G),C, T )-
certificate.
Proof. Let G be a counterexample and set H := H(Z(G),C, T ). By the
positive results of the Section 3, we may assume that |V (H)| ∈ {5, 6}, that H
is connected, and thatH contains more than one cycle. IfH has a cutvertex s,
then there is a component C of H−s with one or two vertices; if V (C) = {t},
then we know that Z(G)−{s, s, t, t} has a rooted (H−{s, t})-certificate, and
we extend it to a rooted H-certificate of Z(G) by setting Vs := {s, s, t} and
Vt := {t}; if, otherwise, V (C) = {t, u}, then Z(G) − {t, t, u, u} has a rooted
(H −{t, u})-certificate, and we extend it to a rooted H-certificate of Z(G) by
setting Vt := {t, u} and Vu := {u, t}. Therefore, we may assume that H is
2-connected.
Let us call an anticlique matchable if there exists a matchingM from V (H)\A
into A. By Lemma 2, we may assume that H has no matchable anticlique.
For |V (H)| = 5 it follows that there is no anticlique A of order larger than
2, as it would be matchable by 2-connectivity of H. Consequently, H has a
spanning 5-cycle t0, t1, t2, t3, t4, and setting Vti := {ti, ti+1} (indices mod 5)
yields a family of pairwise adjacent cliques and, thus, a rooted H-certificate.
For |V (H)| = 6 it follows that there is not anticlique A of order larger than 3
(as, again, A would be matchable). If A was an anticlique of order three, then
there would be a matchingM from A to V (H)\A by Hall’s Theorem (see [2]),
since every vertex in A has two neighbors in V (H)\A and NH(A) = V (H)\A
as there are no anticliques of order 4. M is a matching from V (G) \ A into
A, too, so A would be matchable, contradiction. It follows that G has no
anticliques of order larger than 2.
Let us say that a matching N = {r1s1, r2s2, r3s3} of H is good if every edge
from E(H) \ N is either on a triangle containing one edge from N or on a
cycle of length 4 containing two edges from N . In this case, Vri := {ri, si},
Vsi := {si, ri} for i ∈ {1, 2, 3} defines a rooted H-certificate.
If H has a spanning cycle t0t1t2t3t4t5, then setting Vti := {ti, ti+1} yields a
family of cliques such that Vti is adjacent to Vti+1 and Vti+2 ((sub-) indices
modulo 6). So we get a rooted H-certificate in the case that all three long
chords t0t3, t1t4, t2t5 of the cycle are missing. If all long chords are present,
then they form a good matching in H, and we are done, too.
Suppose that S is a smallest separator in H and that C,D are two com-
ponents of H − S. Then |S| ≥ 2, C,D are complete, and there are no
further components of H − S as H has no anticlique of order three. If
|V (C)| = |V (D)| = |S| = 2, then there is a spanning cycle t0t1t2t3t4t5 in
G with V (C) = {t0, t1}, S = {t2, t5}, and V (D) = {t3, t4}; if t2t5 6∈ E(H),
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then all long chords are missing, and we are done, otherwise {t0t1, t2t5, t3t4}
is a good matching.
Suppose that V (C) = {s}, S = {t, u}, V (D) = {a, b, c}. We may assume
that both t and u have more than one neighbor among a, b, c, for otherwise
NH({s, t}) or NH({s, u}) would be a separator of order 2 as discussed in the
previous paragraph. If NH(t)\{u} = NH(u)\{t} = {s, a, b}, then {st, ua, bc}
is a good matching, and we are done. Otherwise, ta, tb, ub, uc ∈ E(H) without
loss of generality, and if tc 6∈ E(H) and ua 6∈ E(H), then stabcu is a cycle of
length 6 without long chords, and we are done. So tc ∈ E(H) without loss of
generality. If ua ∈ E(H), too, then su, ta, bc is a good matching, otherwise
Vs := {s, u}, Vu := {u, s}, Vt := {t, c}, Vc := {c, b}, Vb := {b, t}, Va := {a}
defines a rooted H-certificate.
From now on we may assume that G is 3-connected. If H has a spanning
wheel with center s and rim cycle t0, . . . , t4, then Vs := {s}, Vti := {ti, ti+1}
(indices mod 5) defines a rooted H-certificate. If H has a spanning prism
with triangles s0s1s2, t0t1t2 and connecting edges siti, then the connecting
edges form a good matching.
If |S| = 3, then V (C) = {s}, S = {t, u, v}, V (D) = {a, b}, ta, ua, ub, vb ∈
E(H) without loss of generality. If tv ∈ E(H), then we have a spanning
prism with triangles stv and uab. Otherwise, one of tu, uv is in E(H) (as S
is not an anticlique), say tu ∈ E(H). If uv ∈ E(H), then we have a spanning
wheel with center u, otherwise va ∈ E(H) and we have a spanning prism
with triangles stu and vab.
Hence we may assume that G is 4-connected and, therefore, obtained from
K6 by deleting some edges of some perfect matching. Consequently, it has a
spanning prism, and we are done. 
5 Connected transversals of 5-colorings
By Theorem 4, all graphs with at most four vertices have property (*),
whereas by Theorem 2, there exists a graph on seven vertices which has
not. For graphs K on five vertices we do not have the full picture; since we
may assume that such a K is connected and since a connected graph on five
vertices and at most five edges contains at most one cycle, we know by The-
orem 5 that all graphs on five vertices and at most five edges have property
(*), too. This extends as follows:
Theorem 7. Every graph on five vertices and at most six edges has property
(*).
Proof. Let K be a graph with |V (K)| = 5 and |E(K)| ≤ 6. To verify (*)
for K, we may assume that K is connected and |E(K)| = 6 by results and
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observations of the previous sections. If there is a vertex of degree 1 inK, by a
similar argument as in the proof of Theorem 5 we can reduce the problem to a
graph with 4 vertices which is already solved. Thus, up to isomorphism, there
are only three remaining graphs to consider: The hourglass ✡✡❏❏ obtained from
the union of two disjoint triangles by identifying two nonadjacent vertices, the
complete bipartite graph K2,3 with color classes of order 2 and 3, respectively,
and the graph C+5 obtained from a 5-cycle by adding a edge connecting some
pair of nonadjacent vertices.
Assume, to the contrary, that K does not have property (*); then there exists
a graph G with a coloring C and a transversal T of C such thatK is isomorphic
to a spanning subgraph H of H(G,C, T ) but G has no rooted H-certificate.
Again we may take G minimal with respect to this property, implying that for
all A 6= B from C, G[A∪B] has a single nontrivial component which induces
a path between the unique vertices a ∈ A ∩ T , b ∈ B ∩ T if ab ∈ E(H) and
E(G[A∪B]) = ∅ otherwise. In particular, H(G,C, T ) is isomorphic to K. As
in the proof of Lemma 1, we may assume that all vertices in V (G) \ T have
degree at least 4.
In all three cases, let T := {t1, . . . , t5} and C := {A1, . . . , A5} such that ti ∈ Ai
for all i ∈ {1, . . . , 5}; the ti will be specified differently in each case. In each
case, we will find a rooted H-certificate c defined by its bags Bi =: c(ti)
Case 1. K is isomorphic to the hourglass ✡✡❏❏.
Let t1 ∈ T be the vertex of degree 4 in H, and let s2, s3 be two neighbors in
G of t1 in the color classes A2 and A3, respectively, such that t2t3 ∈ E(H).
Then there is a t2,t3-path P in G[A2∪A3], and, because of the assumptions to
G, s2, s3 ∈ A2∪A3 = V (P ). It is possible to partition V (P ) into two bags B2
and B3 such that each of them contains exactly one vertex from {s2, s3} and
one from {t2, t3}, and G[B2], G[B3] are connected subgraphs. Repeating this
step for the other two neighbors of t1 in G, we obtain bags B2, . . . , B5 forming
a rooted H-certificate together with the fifth bag B1 := {t1}, contradiction.
Case 2. K is isomorphic to the graph K2,3.
First, note that all Kempe chains in G have at least four vertices. (Otherwise
remove one edge connecting two transversal vertices; the remaining graph is
unicyclic and we are done by Theorem 5.) Additionally, assume |V (G)| to be
minimal.
Let t1, t2, t3 be the vertices of T of degree 2 in H and let si (not necessarily
distinct) be a neighbor of ti for i ∈ {1, 2, 3} such that s1, s2, s3 ∈ A4. The
vertices si have at least two neighbors in a color class other than Ai. Assume
first that two among s1, s2, s3 have such neighbors in a common color class
(this will always happens if s1, s2, s3 are not pairwise distinct); say, without
loss of generality, there are neighbors of s1 and s2 in A3. We set B1 :=
{t1}, B2 := {t2}, B3 := {t3}, B4 := V (P34) \ {t3}, B5 := (V (P15) \ {t1}) ∪
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(V (P25) \ {t2}), where Pij is the path from ti to tj in G[Ai ∪ Aj ]. Because
each vertex in A5 is a vertex of P15 or P25 — all these vertices have degree at
least 3 — there are edges between B5 and B1, B2, B3. Since s1 and s2 have a
neighbor in A3, we conclude {s1, s2} ⊆ V (P34), and B1, . . . , B5 form a rooted
H-certificate of G, contradiction.
Thus, for i ∈ {1, 2, 3}, the vertices si are distinct and each has a neighbor
in a color class A˜i 6= Ai such that A˜1, A˜2, A˜3 are distinct. Then si is a
vertex of the 2-colored path from t4 to the transversal vertex of A˜i. Let ui be
the neighbor of si in A˜i with shortest distance to t4 on this 2-colored path.
Moreover, u1, u2, u3 are colored differently as A˜1, A˜2, A˜3 are distinct. Since
ui /∈ {t1, t2, t3}, all si, ti, ui (i ∈ {1, 2, 3}) are distinct. Consider the graph
G′ := G − {s1, t1, s2, t2, s3, t3} with the induced coloring C
′ := {A ∩ V (G′) :
A ∈ C}, and T ′ := {u1, u2, u3, t4, t5}. All vertices in V (G) \ T have degree at
least 4 in G, thus, ui has neighbors in A5 and is on the 2-colored path from
the transversal vertex of A˜i to t5. Because of the choice of u1, u2, u3, there
is a 2-colored path from ui to t4 for i ∈ {1, 2, 3} in G
′. Thus, H(G′,C′, T ′)
has a spanning subgraph H ′ isomorphic to K. Because of the minimality
of G, there is a rooted H ′-certificate in G′. Adding to its bag containing
ui the vertices si, ti for i ∈ {1, 2, 3}, we obtain a rooted H-certificate of G,
contradiction.
Case 3. K is isomorphic to the graph C+5 .
Let t1 ∈ T be the vertex of degree 2 in H in the unique triangle of H, let
t2, t3 ∈ T be the two vertices of degree 3 in H, and let t4, t5 the remaining
two transversal vertices such that t2t4 ∈ E(H). Choose an arbitrary partition
of A1 ∪ A2 ∪ A3 into B1, B2, B3 such that B1 = {t1} and t2 ∈ B2, t3 ∈ B3,
G[B2], G[B3] are connected subgraphs, and B1, B2, B3 are bags of a rooted
KS-certificate with S := {t1, t2, t3}. Note that t1 has two neighbors on the
t2,t3-path in G[A2 ∪A3]. If t4 has a neighbor in B2, then set B4 := {t4} and
B5 := (A4 ∪A5) \ {t4} as to obtain a rooted H-certificate, contradiction. By
symmetry, t5 has no neighbor in B3. But then, consider the t4,t2-path P in
G[A2 ∪ A4]. This one starts with t4 followed by a vertex in B3 and ends in
t2 ∈ B2. Thus, there is a vertex v ∈ A4 having neighbors in both B2 and
B3. Since there is a t5,t3-path Q in G[A3 ∪ A5], disjoint from P , there is
another vertex w ∈ A5 having neighbors in both B2 and B3. Due to the
assumptions to G, v and w have degree 4 and, therefore, they are vertices on
the t4,t5-path S in G[A4 ∪ A5]. Now take a partition of S into adjacent B4
and B5 such that t4 ∈ B4, t5 ∈ B5, G[B4], G[B5] are connected subgraphs,
and |{v,w} ∩B4| = |{v,w} ∩B5| = 1. Then the bags B2, . . . , B5 are pairwise
adjacent, hence G has a rooted H-certificate, a contradiction. 
Corollary 1. Let G be a graph with a Kempe coloring C of order 5 and let T
be a transversal of C such that G[T ] is connected. Then there exists a rooted
KT -certificate in G.
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Proof. Since G has a Kempe coloring, any pair of transversal vertices is
connected by a 2-colored path. Hence, H(G,C, T ) is isomorphic to K5. Let
H be obtained from it by removing edges if they exist in G[T ], i. e. V (H) = T
and E(H) = {st : s, t ∈ T, s 6= t, st /∈ E(G)}. Since G[T ] is connected,
|E(G[T ])| ≥ 4 and |E(H)| ≤ 6. Thus, H fulfills the conditions of Theorem 7
and has property (*). We find a rooted H-certificate c of G. It remains to
show that c is a rooted H(G,C, T )-certificate of G. If for s, t ∈ T the edge
st is not in E(G), then st ∈ E(H) and Bs = c(s), Bt = c(t) are adjacent.
Otherwise, st ∈ E(G), then Bs, Bt are connected by the edge st. 
6 Concluding Remarks
Assuming that K5 has property (*), any graph G with a 5-coloring C and a
transversal T such that H(G,C, T ) is a complete graph on 5 vertices cannot
be planar and even has a K5-minor. We conclude by two remarks that such
graphs are not planar and have a K5-minor even if K5 may not have property
(*). The problem whether K5 has property (*) remains open.
Remark 1. Let G be a graph with a 5-coloring C and T be a transversal of
C. If for each distinct s, t ∈ T there is a 2-colored path from s to t in G, then
G is not planar.
Proof. On the contrary assume that G is planar, and, again, we may assume
G to be minimal, implying that for all A 6= B from C, G[A ∪ B] has a
single nontrivial component which induces a path between the unique vertices
a ∈ A ∩ T, b ∈ B ∩ T . Consider a drawing of G into the plane. Then each
of the ten 2-colored paths between the transversal vertices can be considered
as a Jordan curve of a plane drawing of K5 on T with crossings. Evoke
Tutte-Hanani-Theorem [5] which states that in any planar representation of
a non-planar graph G there are two nonadjacent edges whose crossing number
is odd. Since K5 is non-planar, there must be two of the Jordan curves with
different end vertices crossing and such a crossing is always a vertex of G.
But then, these two Jordan curves share an end vertex in the same color as
the crossing vertex, contradiction. 
Remark 2. Let G be a graph with a 5-coloring C and T be a transversal of
C. If for all s 6= t from T there is a 2-colored path from s to t in G, then G
has K5 as minor.
Proof. Assume that G does not contain K5 as minor and let G be chosen
as a minimal counterexample. If G was not 3-connected, then there would
be a separator S with |S| ≤ 2 and a component C of G − S containing at
least three vertices from T . Repeating the same arguments as in the proof of
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Theorem 4, we can reduce G to a smaller counterexample. Hence, we assume
that G is 3-connected.
Denote by G+ the graph obtained from G by repeatedly adding edges as
long as the resulting graph does not contain a K5-minor. Then, G
+ is a 3-
connected maximal K5-minor-free graph by construction. By a famous result
of Wagner [6], G+ is a 3-clique-sum of maximal planar graphs or the 8-vertex
Wagner graph. Since G is not planar by Remark 1 and not the 8-vertex
Wagner graph (G has minimum degree at least 4), there is a clique S in G+
with |S| = 3 that separates G+. Since G is a spanning subgraph of G+, S
also separates G.
Let Ax denote the member of C containing x with x ∈ V (G). Then there are
s (s ≥ 2) distinct x1, x2, . . . , xs ∈ T such that Axi ∩ S = ∅ for i ∈ {1, . . . , s}.
Again as in the proof of Theorem 4, there is one component C of G − S
containing all xi, i ∈ {1, . . . , s}.
Let X := V (G) \ (V (C) ∪ S) and assume first that there is y ∈ T such that
|Ay ∩ S| ≥ 2. Let G
′ be obtained from G by contracting Y := X ∪ (S ∩ Ay)
to a single vertex w. For A ∈ C set A′ := (A \ Y ) ∪ {w} if A = Ay and
A′ := A \ Y otherwise, so that C′ := {A′ : A ∈ C} is a coloring of G′. For
z ∈ T , set z′ := w if z ∈ Y ∩Ay, z
′ := z0 with z0 ∈ S\Ay uniquely determined
if z ∈ Y \Ay and z
′ := z otherwise, so that T ′ := {z′ : z ∈ T} is a transversal
of C′, and H ′ := H(G′,C′, T ′) is a complete graph on T ′. By the choice of G,
G′ has a K5-minor and so has G because G
′ is a minor of G, contradiction.
Thus, there are distinct y1, y2, y3 ∈ T such that |Ayi∩S| = 1 with i ∈ {1, 2, 3}.
If X = {d}, then d is not in T and d cannot be a vertex of a 2-colored path
of G, contradiction. Thus, X consists of at least two vertices with degree at
least 3 in G[X ∪S]. If there was no cycle in G[X ∪S], then G[X ∪S] would be
a tree. A leaf of this tree would be a vertex from S, contradiction because a
tree with at least two vertices of degree at least three has at least four leaves.
Hence, there is a cycle D in G[X ∪ S] and by the 3-connectedness of G,
there are three vertex-disjoint si,ci-paths Pi, i ∈ {1, 2, 3} in G such that
V (Pi)∩S = {si} and V (Pi)∩V (D) = {ci} (possibly si = ci). It is easy to see
that V (Pi) ⊆ X ∪ S. Denote by Di the subpath of D from ci to ci+1 missing
ci+2 (indices modulo 3). Let G
′ be obtained from G[V (C) ∪D ∪
⋃3
i=1 V (Pi)]
by contracting V (Pi)∪ (V (Di) \ {ci+1}) to a single vertex wi for i ∈ {1, 2, 3}.
Observe that w1w2w3 is a triangle in G
′. For A ∈ C set A′ := (A∩V (C))∪{wi}
if si ∈ A and A
′ := A ∩ V (C) otherwise, so that C′ := {A′ : A ∈ C} is a
coloring of G′. For z ∈ T , set z′ := wi if z /∈ V (C) with z ∈ Asi for suitable
i ∈ {1, 2, 3}, and z′ := z otherwise, so that T ′ := {z′ : z ∈ T} is a transversal
of C′. It is straight-forward to check that H ′ := H(G′,C′, T ′) is a complete
graph on T ′. By the choice of G, G′ has a K5-minor and so has G because
G′ is a minor of G, contradiction. 
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